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ABSTRACT

Unlike multiple-choice online tests, in a system where stu-
dents submit mathematical expressions as answers and they
are automatically marked, it is possible to evaluate not only
correct and incorrect answers, but also various other as-
pects, including partial marks. If an environment is pre-
pared where students can take the test as many times as
they need to get the correct answer, it is possible to visual-
ize the process of arriving at the correct answer, and we can
expect to obtain information about the process of under-
standing. We adopted STACK as an automatic mathemat-
ical expression grading system and visualized the solution
process from the answer data. In order to visualize the sit-
uation of approaching the correct answer, it is necessary to
define the distance between the answer and the correct an-
swer, and we used two methods for visualization: one was
the distance based on the classification of incorrect answers
using the Potential Response Tree, which is one of the func-
tions of STACK, and the other was the distance between
the answer and the correct answer based on the Tree Edit
Distance. Through these visualizations, it was found that it
was easy to grasp things like students who are approaching
the correct answer in an orderly fashion even if they don’t
get the correct answer the first time, and the process of get-
ting to the correct answer through trial and error, with the
distance to the correct answer becoming closer or further
away.
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1. INTRODUCTION

In recent years, digitalization has been progressing in our
lives, and online learning, made possible by the use of indi-
vidual computers, offers advantages, mainly in that it is not
restricted by time or place, and that it facilitates managing
learning progress. Furthermore, by fully utilizing the educa-
tional data that have become easier to obtain through online
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learning, the individualization of education is also progress-
ing, enabling the presentation of appropriate educational
materials to individual learners. For the individualization of
education, checking learning progress through online tests is
an important part of online learning to grasp students’ ac-
tual learning status and present appropriate teaching mate-
rials according to their abilities. Appropriate feedback based
on online test results is also a crucial aspect of self-study.

However, the multiple-choice and numerical input methods
used in many conventional online test formats limit the types
of questions that can be asked and do not prevent guesswork,
making it difficult to evaluate students’ abilities accurately
based solely on the correctness of individual questions. An
effective means to address these issues is, for example, a
function that randomly generates multiple patterns of the
same type of question. This function makes it difficult to
cheat by sharing common answers among multiple students.
Nevertheless, conventional question formats still have limi-
tations in evaluating students’ ability to solve computational
problems in science and mathematics. Therefore, a system
has been proposed that allows students to submit their an-
swers in mathematical expressions and automatically grades
them. This system is gaining attention for its ability to pro-
vide appropriate grades to student responses while expand-
ing the range of possible questions [9]. Since the system
evaluates not only correct answers but also partial credit
using mathematical formulas, it allows for a more detailed
measurement of learners’ abilities from a single question. As
a result, the analysis of online test answer data has received
increasing attention.

In a pioneering study of error analysis in an e-learning math-
ematics system, Kawazoe et al. analyzed errors in the log
data of a drill-type linear algebra calculation teaching mate-
rial and classified error patterns related to calculation pro-
cedures [5]. Nakamura et al. [8] proposed an algorithm
that classifies incorrect answers according to the combina-
tion of elementary functions that make up each question
and provides appropriate feedback and partial credit utiliz-
ing the Potential Response Tree (PRT), one of the features
of the automatic mathematical expression grading system
STACK, System for Teaching and Assessment using a Com-
puter algebra Kernel (an outline of which is introduced in
the next section). Furthermore, in relation to the classifica-
tion of incorrect answers in STACK answer data, Higuchi et
al. [4] proposed a method to quantitatively classify incor-
rect answers based on the similarity of tree structures, using
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the Tree Edit Distance (TED) [10] and Subtree Kernel [2]
methods to express mathematical formula answers in tree
structures. Kurihara et al. [6] successfully provided quali-
tative information on answer transitions for an entire class
by representing the transition from incorrect to correct an-
swers as a weighted directed graph and allowing students to
use STACK as many times as needed to reach the correct
answer after making an error.

Although previous answer analyses have included temporal
information in weighted directed graphs, they lack dynamic
insights into the process through which each learner transi-
tions to correct answers. We believe that the dynamic infor-
mation of the learners’ responses contains valuable insights
into their thinking processes and its analysis is expected to
clarify the learners’ comprehension processes. In this paper,
we examine two methods to visualize each learner’s answer
process in a class based on STACK answer data. One ap-
proach is to classify incorrect answers using PRT, and the
other is to calculate the distance between correct and incor-
rect answers using TED.

2. OVERVIEW OF STACK

The STACK, an automatic mathematical grading system,
developed by C. Sangwin and others in 2005 [1], is a system
that can automatically assess the correctness of answers en-
tered as mathematical expressions by utilizing the computer
algebra system (CAS), Maxima. It is possible to classify in-
correct responses and provide feedback according to the type
of incorrect answer using a mechanism called the Potential
Response Tree (PRT). For example, Figure 1 shows an ex-
ample of a student’s answer and its evaluation, and PRT
to evaluate the results of a calculus question %%.In this
PRT, the correct or incorrect answer is determined at node
1, and if the answer is correct (note 1 is true), 1 point is
awarded, and if it is incorrect (note 1 is false), the message

“Recall \/z = z2. s displayed and the program moves to
node 2. If the answer matches -1/2*x*sqrt(x) (note 2 is
true), the message “Typing error (forgot to put parenthe-
ses)” is given and 0.1 points are awarded, and if it does not
match (note 2 is false), the program moves to node 3, deter-
mines whether the answer matches 1/sqrt (x) “3 (a common
incorrect answer)(note 3 is true), and in that case, gives 0.1
points. If the answer does not match the answer (note 3 is
false), no point is given. In the example in Figure 1 (left),
the student’s response was NG which did not match the
candidate’s answer for node 3 of the PRT, resulting in an
incorrect answer and a score of 0 points.

3. CLASSIFICATION OF ANSWERS

3.1 Potential Response Tree

In the PRT design for the question described in the previous
section (Figure 1(right)), there are four types of answers, in-
cluding the correct answer. When visualizing the student’s
solution as it approaches the correct answer, it is thought
that it would be easier to visualize if the distance from the
correct answer was defined according to the type of incorrect
answer, but the distance from the correct answer for each in-
correct answer will be determined subjectively based on the
teacher’s experience. Table 1 is an example of the definition
of distance from the correct answer. When the answer is
classified as true for node n, the distance from the correct
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Figure 1: Answer and evaluation in STACK (left), PRT for
evaluating answers (right).

Table 1: Distance from the correct answer for each solution

Solutions Distance Comments
1 1,.—5
—Gays OF —3% 2 0 Correct answer
—iayx 1 -1/2*x*sqrt (x), Typo
3
xr 2 2 Common incorrect answer
Other 6 Other incorrect answer

answer is set to n — 1. When node 3 is false, the answer is
far from the correct answer, so the distance is defined as 6.

3.2 Tree Edit Distance

As considered in the previous subsection, classifying incor-
rect answers by PRT and defining their distance from the
correct answer by the teacher’s experience lacks objectivity
and incurs the cost of examining each individual question.
Furthermore, depending on the question, there may be many
incorrect answers that are not fully classified. Therefore, we
examine the distance of an incorrect answer from a correct
answer from a different perspective.

A student’s answers to a mathematics question is a string
which is regarded as a CAS input representing a mathemati-
cal expression. One could measure the distance between the
student’s answer and the correct answer, which is also rep-
resented as a string. Although the Levenshtein distance [7]
between the two strings can be calculated easily, it hardly
reflects the structure as mathematical expressions: sin(1)
and 1n(1) are nearer than cos(1) and 1n(1) because the
former pair shares a character ‘n’.

The syntactic structure of the CAS input can be represented
as trees. In fact, the CAS parses the input and stores as an
object so-called ‘expression tree’ which is a labeled ordered
tree. Each function and operator in the CAS input is rep-
resented by a node whose label is the name of the function
or the operator, for example, ‘sin’ or ‘+’. The operands are
represented as its child nodes. The leaf nodes correspond to
atoms: literal numbers or variables, for example, ‘25’ or ‘x’.

Since the correct answer -1/ (2*x*sqrt(x)) to the question
d L can be written as ¢/(-1,(*2,x,5qrt(x))),” it is repre-

dz z
sented as an expression tree in Figure 2 (right). Here we
regard ‘-1’ an atom. An explanation will follow.

One of the natural distances among ordered labeled trees is
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Figure 2: An edit sequence from the expression tree of 1/(21/7) to that of —1/(2z+/x)

the Tree Edit Distance(TED) [10]. It is a natural extension
of the Levenshtein distance or the string edit distance and
is defined as the minimal length of the sequence of edit op-
erations that transforms one tree to the other. Three kinds
of edit operation are allowed:

e Insert a node

e Delete a node and connect its children to its parent
directly

e Rename the label of a node

TED has been used for various purposes, especially after the
introduction of the efficient ZS algorithm [12]. In the context
of CAS inputs, one can think of TED as the amount of stu-
dents’ efforts to edit and reorganize their incorrect answers
to have the correct answer.

Let us consider an incorrect answer 1/ (2*sqrt(x)) which is
written as ‘(/,1,(*,2,(sqrt,x)))’. Its expression tree is shown
in Figure 2 (left). It can be transformed into the correct one
by the edit sequence consisting of two operations: renaming
the label 1 to —1 (Figure 2 (center)) and then inserting a
node with the label z (Figure 2 (right)). It turns out that
there are no edit sequences of length 1 connecting these two
trees. Thus, the TED between the two is 2.

The correct answer can also be written as -1/2*x~(-3/2)
which has a distinct expression tree and the distance from
the incorrect answer to this form is not equal to 2. We
avoid this ambiguity by choosing a set of possible correct
CAS inputs and computing the smallest distance from the
incorrect answer to an element of the set.

4. VISUALIZATION OF SOLUTION PRO-
CESSES
4.1 Solution Data and Method

In this study, we will analyze the answer data with the con-
sent of the student for STACK-based online tests that were
conducted in the "Introduction to Mathematics” lecture for
the humanities, which was held at one of the Japanese four-
year universities in 2021 and covered the content of one-
variable calculus. There were 102 first- and second-year stu-
dents. The answer data are saved for each question and can
be downloaded in CSV file format. The permission to use
the answer data was obtained from the students. Figure
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3 shows an example of the answer data downloaded. The
students have been anonymized and the data has been pro-
cessed in such a way that individuals cannot be identified.
Students are distinguished by their "Last name” and "First
name” columns, and since email notifications are not sent,
a dummy email address is specified in the "Email address”
column. The column ”Status” indicates the test status, with
‘Finished’ indicating that the test has been taken. The
”Started” and "Completed” columns indicate the start and
end times of the test, and the "Duration” column calculates
the time taken to complete the test. The "Grade/10.00” col-
umn displays the test results converted to a 10-point scale.
The column "Response 1”7 is the most important column. In
the "Response 1”7 column, in addition to the student’s an-
swer and the score, the judgment result for each node of the
potential response tree is also recorded. In the case of the
question in Figure 1, if the answer is correct, it is recorded as
"prt1-1-T", and if it is an incorrect answer equal to x7%7 it
is recorded as "prti1-1-F | prt1-2-F | prt1-3-T", and so
on. For example, "prt1-1-T" indicates the judgment result
"True" for node number "1" in the potential response tree
with the name "prti".

In the following two subsections, we will examine the visu-
alization and analysis of the answering process using two
different methods. One is based on the results of the PRT
classification of the answers (PRT method), and the other
is based on the TED of the actual answers that were input
(TED method). For visualization, we have developed and
are using a web application that automates visualization by
selecting the answer data and choosing one of the two visu-
alization methods. The visualization policy is as follows. In
order to visualize the answer processes of each student in the
class, we use a 3D visualization with three axes. Since stu-
dents can take the test as many times as they like until they
reach the correct answer, we use three axes: one to show the
number of attempts ("Attempt” axis), one to show the stu-
dent number (”Students” axis) used to distinguish between
students (in fact, the student’s rank based on the grade is
described), and one to show the distance from the correct
answer to the incorrect answer in "Type of Error” axis in
PRT method and "Tree Edit Distance” axis in TED methos.
In this way, we expect to be able to visualize how the whole
class reaches the correct answer through trial and error.

4.1.1 Visualization based on PRT
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E F G
1 Lastname Firstname Email addres Status Started Completed Duration
2 |Math2021  S023 s023@examg Finished 2021/5/138:45  2021/5/13 8:47 2 mins 14 secs
3 Math2021 S023 s023@examy. Finished 2021/5/13 8:48  2021/5/13 8:49 1 min 7 secs
4 |Math2021  S023 s023@examg Finished 2021/5/138:50  2021/5/13 8:53 2 mins 28 secs
5 Math2021 S030 s030@examg. Finished 2021/5/138:58  2021/5/13 9:02 4 mins 12 secs
6 Math2021  S059 s059@examg Finished 2021/5/139:26  2021/5/13 9:32 5 mins 56 secs
7 Math2021 S014 s014@examg Finished 2021/5/139:30  2021/5/13 9:35 5 mins 47 secs
8 Math2021 S041 s041@examp Finished 2021/5/139:30  2021/5/13 9:42 11 mins 39 secs

Figure 3: Example of STACK online test answer data (part of answer data for a question

CrNWAMG U
Type of Error

Figure 4: Visualization of the process of answering the ques-
tion % % based on PRT. The lines are color-coded according

to the type of answer given in the first round. The same ap-
plies to Figure 5.

Figure 4 shows a visualization of the process of answering the
differentiation question %%, based on the distance from
the correct answer and the incorrect answers classified us-
ing PRT [11]. The categories of incorrect answers and the
distances from the correct answers are summarized in Table
1. It can be seen that 64 students answered the correct an-
swer on the first try (red points where both the ”Attempt”
value and the "Type of Error” value are 0), and that many
students reached the correct answer by the third try. It can
be seen that some students are reaching the correct answer
through trial and error, with the distance to the correct an-
swer becoming smaller or larger.

4.1.2  Visualization based on TED
When visualizing the process of answering using PRT, the
distance from the correct answer needs to be determined
based on the teacher’s experience, taking into account PRT’s
classification of incorrect answers. In other words, this ap-
proach lacks objectivity. Therefore, we attempt to visualize
the answering process based on objective indicators by cal-
culating the distance between a given answer and the correct
answer using TED. With this method, there is no need to
classify incorrect answers using PRT, and the cost for teach-
ers to visualize the process is expected to be low. On the
other hand, the notation of the answers in Maxima is not
unique. For example, the correct answer for iﬁ
—ﬁ or —%af% as described in Table 1.
Therefore, care must be taken when calculating the TED.
In this study, we saved all mathematical expressions that
were evaluated as correct answers, calculated the TED for
incorrect answers against these expressions, and then visual-
ized the results by taking the minimum value as the distance

can also
be written as
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H
Grade/10.00 Response 1
1 Seed: 1; ansl: 1/(x*sqrt(x)) [scorel; prtl: # = 0.1 | prtl-1-F | prt1-2-F | prt1-3-T
0 Seed: 1;ansl: 1/x [score]; prtl: # = 0 | prt1-1-F | prt1-2-F | prt1-3-F
10 Seed: 1; ans1: -1/(2*x"(3/2)) [score]; prtl: # = 1 | prt1-1-T
10 Seed: 1; ansl: -1/(2*x*sqrt(x)) [scorel; prtl: # = 1 | prt1-1-T
0 Seed: 1;ansl: -1/sqrt(2*x"3) [score]; prtl: # = 0 | prt1-1-F | prt1-2-F | prt1-3-F
10 Seed: 1;ansl: -1/(2*x*sqrt(x)) [scorel; prtl: # = 1 | prt1-1-T
0 Seed: 1; ansl: (2*x"2-1)/(2*x*2* sqrt(x)) [scorel; prtl: # = 0 | prtl-1-F | prt1-2-F | prt1-3-F
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Figure 5: Visualization of the process of answering the ques-

tion %ﬁ based on TED.

from the correct answer.

Figure 5 shows a visualization of the process of answering a
differentiation question, %%7 based on the distance from
the correct answer and the incorrect answers calculated us-
ing TED. Note that answers with a TED value of 20 or
higher are grouped together. Compared to the classification
of incorrect answers using PRT, it can be seen that there are
many different types of TED distances. This suggests that
the answering process is visualized, including errors that
could not be classified using PRT. This suggests that the
design of the PRT needs to be reconsidered. When using
PRT, it is easy to track how the correct answer is reached
from a specific mistake. In contrast, TED allows for visual-
ization of how the correct answer is reached from a variety
of answers that cannot be classified using PRT.

5. CONCLUSION AND DISCUSSIONS

In order to understand the process of student learning, we
defined the distance between the students’ answers and the
correct answers in an online math test using the PRT and
TED methods. We then visualized how the students arrived
at the correct answers through repeated testing. These vi-
sualizations revealed that patterns such as students system-
atically approaching the correct answer, even if they did not
get it right on the first attempt, and the trial-and-error pro-
cess in which the distance to the correct answer fluctuates
before eventually decreasing.

Bayesian Knowledge Tracing (BKT) is a well-known model
to handle temporal changes in learning, such as the knowl-
edge acquisition process [3]. BKT aims to infer the state
of knowledge of a learner based on the temporal accumula-



tion of information about the correctness of the responses to
multiple questions. In contrast, this study focuses on how
students approach the correct answer to a single question.
In fact, to our knowledge, there are almost no such attempts.
Rather than constructing a formal theory, it simply visual-
izes the process by which students move toward the correct
answer.

Understanding how students approach correct answers can
provide valuable information for teachers when considering
how to provide feedback. This may represent a first step to-
ward verifying the effectiveness of feedback in the learning
process. Furthermore, while the PRT-based classification of
incorrect answers can help identify areas of learning defi-
ciency, in this study, the extent to which the PRT-classified
incorrect answers deviate from the correct answer was left
to the subjective judgment of the teacher. In the future, it
may be possible to quantify these deviations using the TED
method, paving the way for the integration of the PRT and
TED approaches.
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