
Analyzing the Equity of the Brazilian National High School
Exam by Validating the Item Response Theory’s Invariance

Vitoria Guardieiro1, Marcos M. Raimundo1,2, Jorge Poco1

1Getulio Vargas Foundation; 2Universidade Federal do Rio de Janeiro
vitoriaguardieiro@gmail.com; marcosmrai@gmail.com; jorge.poco@fgv.br

ABSTRACT
Several studies adopt different approaches to examining how
economic, racial, and gender circumstances influence stu-
dent performance in large-scale entrance exams, such as the
National High School Exam (ENEM). Using a methodology
based on Item Response Theory, ENEM’s exam attempts
to assess, for each item (question), the curve (function)
that relates the participants’ abilities to their probabilities
of correctly answering the item, which is assumed to hold
whichever subgroup, a fundamental premise of IRT called
invariance. This work analyzes whether the ENEM 2019
test presented similar curves for subpopulations defined by
gender, race, and income, regardless of the participant’s ac-
tual abilities. Our approach is to analyze the properties of
the observed curve for each group and then perform a non-
parametric ranking test to compare the equity of each item
(question) for each analyzed characteristic. We found that
the ”Languages and Codes” questions consistently favored
male, white, and high-income participants. At the same
time, the other three sets of questions (Mathematics, Natu-
ral Sciences, and Human Sciences) were considerably more
egalitarian.
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1. INTRODUCTION
The Brazilian National High School Exam (ENEM, for its
initials in Portuguese) is one of the most extensive entrance
exams globally, having over 5 million participants registered
in 2019 [11]. The exam has several functions; on an in-
dividual scale, it serves as an admission test to access the
federal universities (through the Unified Selection System or
SISU) and access to the federal scholarship programs (Uni-
versity for All Program or ProUni). On a collective scale,
this exam allows a comparison between schools and munici-
palities, and it also serves as an indicator for national public

educational policies at the national level [10]. Several stud-
ies investigated how sensible characteristics such as income,
race, gender, and locality, affect the participants’ score [13,
20, 19]. However, most studies use the grade obtained as
a direct indicator of the participants’ ability without inves-
tigating whether exams’ grading methodologies are unfairly
favoring or disfavoring specific subpopulations.

Since 2009, ENEM’s participants’ grades have been assigned
using Item Response Theory (IRT) methods, which consider
the difficulty of each participant’s correct questions [7] to
assign the grades, in contrast to the Classical Test Theory,
where only the number of correct answers matter [4]. IRT
creates a probability function that gives, for each question,
the probability of a correct answer given the participant’s
ability. Moreover, the primary assumption of IRT theory
is that such function does not vary independently of sub-
groups of students [7, 16]. This assumption means that,
given two groups based on a specific characteristic (e.g., men
and women), we expect the proportion of correct answers
for a particular question and grade to be similar in both
groups. If that is not the case for several questions in a test,
the method will end up a sub or super estimating a group’s
grade, causing inequality between the groups.

We investigate ENEM’s 2019 edition to evaluate whether
the invariant assumption holds for gender, race, and income
level characteristics. For such, we use the assigned grades
and participant’s answers given by ENEM’s IRT evaluation
to approximate the Item Characteristic Curves (ICCs)—
which are functions of the probability of correct answer given
the participant score. We compare the standard deviation
of the observed Area Under Curve (AUC) for each group
based on a characteristic (such as men and women for the
gender). If a group has a bigger AUC than another group,
their participants have a more significant overall probability
of correctly answering the question, independently of their
true abilities. Therefore, questions showing a high AUC
standard deviation for a particular characteristic may favor
a group. Following the first analysis, we perform a non-
parametric ranking test to check if the behavior found in
the questions is statistically consistent in the whole test.

Thus, this paper uses statistical analysis to evaluate whether
or not the ICC’s estimation of IRT theory might favor par-
ticular groups. The contributions of our analysis reside in
these aspects: (1) Analyzing whether the question estima-
tions per se discriminate towards certain groups instead of
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evaluating the grades themselves. (2) Using robust non-
parametric statistical tests to determine if these differences
are consistently privileging a specific group.

2. DATA
We used ENEM’s most recent microdata from 2019, com-
posed of four objective tests, each containing 45 multiple
choice questions and an essay. The tests evaluate the knowl-
edge areas: Mathematics, Languages and Codes, Human
Sciences, and Natural Sciences. The Languages and Codes
test consists of five foreign language questions, where the
participant chooses whether to be evaluated in English or
Spanish, and the remaining 40 questions are in Portuguese.
Each participant must take all of the tests.

The National Institute of Educational Studies and Research
Ańısio Teixeira (INEP), responsible for the ENEM, made
available the microdata per participant. These data are
anonymized and contain the scores obtained, each partic-
ipant’s answers, registration data (such as city, age, and
school), and a non-mandatory socioeconomic questionnaire
about (self-declared) race, family income, and parent’s edu-
cation and profession. We analyze three group characteris-
tics obtained from the questionnaire:

Race: There are five options in addition to “undeclared”:
white, black, brown, yellow (Asian), and indigenous. We
analyzed only the first three (white, black, and brown), as
the others have few participants.

Income: Family income is defined as monthly minimum
wages (MW), and the possible range goes from zero to twenty
or more MW. Based on Neri et al. (2020) [14], we separate
the participants into low (less than 1/2 MW per capita),
middle (between 1/2 and 2 MW per capita), and high-income
(more than two MW per capita) classes.

Gender: The exam’s registration only allowed for “Female”
and “Male” to be mandatory in its selection. Therefore, we
do not have information about other gender minorities.

Foreign Language

Group Exam English Spanish

White 463, 431 307, 657 174, 199
Black 125, 489 65, 503 66, 069
Pardo 502, 996 244, 485 281, 473

Low Income 660, 222 305, 442 389, 535
Medium Income 390, 670 259, 454 144, 957
High Income 97, 881 83, 409 16, 223

Women 666, 905 350, 375 347, 461
Men 481, 868 297, 930 203, 254

Total 1, 148, 773 648, 305 550, 715

Table 1: Number of participants in each group which were
regular graduates in 2019 and answered the questions about
Race, Gender, and Income Level. Each participant can
choose to take the Foreign Language questions in English
or Spanish.

As the parameters of the grading methodology used by ENEM
are estimated using only the responses of students who are
regular graduates in that particular year, our analysis will

use data from such students who answered the questions of
gender, race, and income. Table 1 summarizes the number
of analyzed participants in each subgroup divided by the
different characteristics.

3. ENEM SCORE ESTIMATION
The method used to obtain the ENEM participants’ score is
from the Item Response Theory (IRT) [8], which models the
probability of a participant responding correctly to an item
(or question) as a function of its parameters and the partici-
pant’s ability (or proficiency). Several increasing monotonic
functions are used to model such a relationship such as the
Rasch model [15], and the one and two-parameter logistic
models [12, 2]. We employed ENEM’s three-parameter lo-
gistic function [2], that is the probability of a correct answer
by participant j to item i (event Uij = 1) given the profi-
ciency parameter θj and item parameters ai, bi, and ci:

P (Uij = 1|θj , ai, bi, ci) = ci + (1− ci)
1

1 + e−ai(θj−bi)
, (1)

The relationship between P (Uij = 1|θj) and the parameters
a, b, and c is called the Item Characteristic Curve (ICC).
Figure 1 illustrates an example of this curve.
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Figure 1: Example of an Item Characteristic Curve (ICC).

Both the item parameters and the participants scores are es-
timated simultaneously using the participants answers. The
scores are estimated, given the item parameters, using the
Expected a Posteriori (EAP) method with an a priori prob-
ability function, which is the same for all participants. The
a priori distribution has mean and variance corresponding
to the mean and variance of regular graduating participants
in 2009, defined as 500 and 100 points, respectively. More
information is available in the participant guides [8, 9] and
their bibliographic references [1, 3, 7].

Invariance: Item Response Theory starts from the premise
that, for a given question, a single function maps an ex-
aminee’s ability to his probability of answering it correctly.
Therefore, if the model is well specified, all populations’ pa-
rameters are the same. This premise implies the property
called invariance of item and ability parameters, which is
the primary distinction between IRT and classical test the-
ory [7]. Under invariance, we have that the parameters that



characterize an item do not depend on the participants’ abil-
ity distribution and that the participant ability parameter
does not depend on the set of test items.

In practice, invariance does not occur in the strict sense,
even when the model is correctly specified [7]. Nevertheless,
it is essential to determine the “degree” to which invariance
holds. Next, we present how we examine the invariance of
the items concerning the subpopulations defined by gender,
race, and income.

4. METHODOLOGY
We use the concept of Item Characteristic Curves to com-
pare the performance of each analyzed group in each ques-
tion. The advantage of such comparison is that it allows
us to disregard distinct distributions of scores as we analyze
the probability of a correct answer given the participant
score. For such, we analyze the observed ICCs, which were
constructed considering the proportion of participants who
answered the item correctly for different score ranges.

4.1 AUICC Inspection
Under invariance, we expect the relationship between the
participants’ scores and the probability of correctly answer-
ing a specific question (i.e., the item characteristic curve)
to be similar to all groups. Therefore, the area under the
item characteristic curve of a specific question should be
near equal to all groups. We calculated how different the
observed AUICC is for each group of a specific characteris-
tic with the following steps:

1. Observed ICC: For each question and subpopulation, the
observed ICC was the proportion of participants who an-
swered correctly given their score range.

2. Item AUICC: To compare the difficulties of each question,
we calculated the area under the item characteristic curve for
each subpopulation and the total population. The AUICC
can be interpreted as: if a group has a higher AUICC for
a question, then it has a higher probability of answering it
correctly regardless of possible abilities; therefore, the item
is less difficult for that group. Figure 2 shows the Item
AUICC calculation.

3. AUICC discrepancy: Lastly, we estimated the discrepancy
of difficulty for each item and each analyzed characteristic
(gender, race, and income) by taking the standard deviation
of AUICC for the groups and normalized this value by di-
viding by the AUICC found for the total population. This
normalized value indicates whether inequality seems to hold
for this item (small values) or not (bigger values).

4.2 Invariance Checking
The item-by-item AUICC comparison indicates potentially
troubling questions. However, to show if there is a consistent
difference among the social/gender groups, we performed
a non-parametric Friedman ranking test [6, 18] (as imple-
mented in [17]). We performed this test for each exam to
see if there are statistical differences among the groups con-
sidering a set of items’ AUICCs for each social/gender group.
For a fixed exam and characteristic, the test procedure in-
volves ranking the groups’ AUICC for each question and

Figure 2: Illustration of the Observed ICC for a given ques-
tion. The light blue bars represent the proportion of correct
answers given by the participants given a grade range. The
AUICC is the sum of the area of the bars.

then comparing the ranks obtained for each group. There-
fore, if we have n questions and k groups, the Friedman test
determines if any of the k groups ranked consistently higher
or lower than the others.

For the combination of tests and features whose null hypoth-
esis was rejected by the Friedman test, we determine the one-
by-one comparisons through a Finner post-hoc test [5] using
the pivot quantities obtained by the previous test. Friedman
test checks the hypothesis all groups are equal. If rejected
Finner post-hoc test distinguish how each group performs
compared to the others.

5. RESULTS
5.1 AUICC Inspection
We performed the Observed ICC analysis to all selected
characteristics and the Mathematics (MT), Languages and
Codes (LC), Human Sciences (HS), and Natural Sciences
(NS) tests. The proportion of corrected answers was cal-
culated for sets of participants’ scores with a bin size of
15. For the Languages and Codes test (LC), we separated
the questions based on the idiom (Portuguese, English, and
Spanish). Every participant takes the Portuguese questions
but can choose whether to take English or Spanish as the
foreign language questions.

The results are summarized in Figure 3, where for each
exam, we have a heatmap where each row of squares in-
dicates which characteristic was analyzed, and the squares
in the same columns correspond to the same question. The
color of the squares denotes the value of Area discrepancy for
that question in the given characteristic, where the darker
tons are equivalent to the greater discrepancy, and the sym-
bol indicates which group had the highest area. The color
scale is the same for all exams. Therefore, if a particular
row contains several dark squares, it indicates that the cor-
responding exam may be unequal for that given characteris-
tic. If the symbols on the squares are mainly the same, such
a given group is more frequently favored in such an exam.

Visually, we can see that a few questions have high diffi-



Figure 3: Heatmap of the Area discrepancy based on the Observed ICC. The color of each square indicates the value of Area
discrepancy and the symbol indicates the group with the highest area. As the importance of the indicated grows with the
discrepancy, the symbols’ visibility also grows with the color.

culty discrepancy for the HS, NS, and MT tests. However,
the group with the highest area in such questions varies
significantly. For instance, in MT and NS, the most dis-
crepant questions are almost equally divided between man
and woman, being the group with the highest area. However,
the LC test behaved quite differently. For the race charac-
teristic, almost all of the questions presented high difficulty
discrepancy, with the white group being dominant as the
race with the highest area. Meanwhile, the income groups
did not show a consistent dominance of a specific group for
the question in Portuguese. However, they did show a strong
dominance of the high income group in the foreign language
questions, mainly in English. This result indicates that the
first three tests are egalitarian for gender, race, and income,
while the LC test, principally the foreign language questions,
is not.

5.2 Invariance Checking
To assess whether the behavior observed in the visual com-
parison is consistent, we performed the Friedman and Finner
tests with the AUICCs. Agreeing with the first experi-
ment, the Human Sciences (HS) and Mathematics (MT)
tests did not show a consistent favoring or disfavoring for
any group, having a p-value greater than 0.05 in the Fried-
man test. Meanwhile, the Languages and Codes questions
in Portuguese and in English showed a relevant difference
among men and women, with women having a lower AUICC
rank.

Regarding the Race characteristic, the Natural Sciences (NS)
test showed lower AUICC for black participants than white
and pardo participants. The Portuguese questions in the
LC exam showed similar behavior to the NS test, with the
only difference being that the pardo participants had a lower
AUICC rank than the white ones. In both foreign lan-
guages questions (English and Spanish), the black partic-
ipants showed a lower AUICC rank than white. Lastly,
for the Income characteristic, the low-income group ranked
lower than the high-income for NS and also LC in all lan-
guages. For the NS test, the low-income also ranked lower
in AUICC than the medium-income participants.

6. CONCLUSIONS
This paper investigated whether the 2019 edition of the
Brazilian National High School Exam (ENEM) presented
any consistent favor or disfavor for groups based on Gen-
der, Race, and Income Level. Our methodology assessed
if the invariance property of Item Response Theory (IRT)
holds for Item Characteristic Curves (ICC) estimated for
each group given its participants’ assigned grades and an-
swers. In our first analysis, we visually compared the overall
difficulty of each question and for each group. Then, in our
second analysis, we tested if any of the exams were consis-
tently unequal for any group. We found that the Human
Sciences and Mathematics questions did not favor or disfa-
vor any group. Meanwhile, the Natural Sciences test was
consistently easier for white and pardo participants in detri-
ment of black ones and easier for high- and medium-income
in detriment of low-income.

The “Languages and Codes” exam was consistently unequal,
with different ICC’s (that assigns questions difficulty) be-
havior for native and foreign language questions. Portuguese
questions were overall harder for women than men, primar-
ily due to the first group having a higher chance of correctly
guessing the questions. They were also harder for black and
pardo participants than white ones and harder for lower-
income than medium- and high-income. Foreign language
questions also showed inequality, with the English questions
favoring men in detriment to women and both English and
Spanish questions favoring white participants in detriment
of black and high-income in detriment of low-income.

This research also cataloged means of improving IRT: (1)
using the analysis of this work to evaluate and possibly re-
formulate the exam; (2) using data mining methods called
multi-task learning to create particular models for each group;
(3) using imbalance-robust data mining methods to avoid
ICC’s bias towards favored groups; and (4) using multi-
objective optimization to take into consideration multiple
goals (fit the data and keep the model fair). We believe this
research contributes to reaching fairer IRT-based tests with
the analysis and those future directions.
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